In today's competitive business transactions, the supplier may permit his/her retailers a delay in payment in order to encourage the retailers to buy more. During the permissible delay period, the retailer is allowed to postpone paying for the products bought without incurring any interest. In this study, we consider an inventory system with non-instantaneously deteriorating items in circumstances where the supplier provides the retailer with various trade credits linked to order quantity. First, we develop a mathematical model to identify the optimal pricing and ordering policies for maximizing the retailer's total profit. This followed by a discussion of the characteristics of the optimal solution. We then propose some algorithms for finding the optimal solutions. Finally, numerical examples are presented and a sensitivity analysis is undertaken to illustrate the proposed model.
Introduction
Researchers assume, in the classical inventory model, that the value of inventory items is unaffected by the duration of time. In practice, however, many items deteriorate during the normal storage period. Chemicals, volatile liquids, blood stored in blood banks, and electronic components deteriorate significantly. Deterioration is defined as the decay, damage, spoilage, evaporation, or drying out of products. Thus, the ideal case envisioned by the classical model remains an ideal one. The effects of deterioration are significant in many inventory systems, making the problem of how to control and maintain inventories of deteriorating items a major issue for decision makers in modern organizations. In addressing this issue, Ghare and Schrader [1] first proposed a model for an exponentially decaying inventory, which Covert and Philip [2] extended to a two-parameter Weibull distribution. Goyal and Giri [3] classified the previous studies and provided a detailed review of the literature on deteriorating inventory. Jaber et al. [4] developed a mathematical model that determines batch sizes for deteriorating items while minimizing entropy. Other interesting articles that cover the topic include Shah and Jaiswal [5] , Aggarwal [6] , Dave and Patel [7] , Sachan [8] , Hariga [9] , Skouri and Papachristos [10] , Chang [11] , Liao [12] and Jaber et al. [13] .
In the existing literature, all the models assume that the deterioration of items in an inventory starts from the moment of their arrival in stock. However, in real life there is a time span during which most commodities maintain their quality or http://dx.doi.org/10.1016/j.apm.2014.07.002 0307-904X/Ó 2014 Elsevier Inc. All rights reserved.
proposed model and the sensitivity analysis of the optimal solution with respect to the parameters of the system. Finally, we draw our conclusions in Section 5.
Assumptions and notation
The following assumption and notations are used in this study.
1. The demand rate for the item is assumed to be retail-price sensitive and is given by DðpÞ ¼ ap Àb , where p is the selling price per unit, a > 0 is a scaling factor, and b > 1 is a price-elasticity coefficient. For notational simplicity, DðpÞ and D will be used interchangeably in this paper. 2. The supplier offers a permissible delay schedule M which links to the order quantity Q as follows:
. . . . . .
where 0 < q 1 < q 2 < Á Á Á < q K < q Kþ1 and 0 6 M 1 < M 2 < Á Á Á < M K . 3. The product has no deterioration during the time interval ½0; t d , after which, the on-hand stocks deteriorate at a constant rate, h, where 0 < h < 1. Following assumptions (4) and (5) in Ouyang et al. [26] , t d is a given constant in this paper. 4 . A denotes the ordering cost per order, h denotes the holding cost per unit time excluding interest charges, c, the purchasing cost per unit, I c , the capital opportunity cost of stock per dollar per unit time, and I e , the interest earned per dollar per unit time. All of the parameters are positive. 5. T j is the length of replenishment cycle when the permissible delay period is M j . 6. ZðT j ; pÞ is the total profit per unit time which consists of (a) the sales revenue, (b) the cost of purchasing, (c) the cost of placing orders, (d) the cost of carrying inventory (excluding interest charges), (e) the capital opportunity cost after the grace period M j (this cost is incurred only if T j > M j Þ, and (f) the interest earned from sales revenue during the interval [0, M j ].
Mathematical formulation
For a given delay in payment time M j , to determine the inventory level, IðtÞ, at time t 2 ½0; T j , we consider the following two situations: (i) T j 6 t d , and (ii) T j P t d .
When T j 6 t d , the replenishment cycle is shorter than or equal to the length of time in which the product does not deteriorate; thus, no deterioration occurs during the replenishment cycle. In this situation, the order quantity per order is Q j ¼ DT j , and the inventory level decreases only owing to the demand during the time interval ½0; T j . Hence, the inventory level, IðtÞ, at time t 2 ½0; T j is given by
When T j P t d , during the time interval ½0; t d , the inventory level decreases only owing to demand, thus, the inventory level, I 1 ðtÞ, at time t 2 ½0; t d is given by
Another, during the time interval [t d ; T j ], the inventory level, I 2 ðtÞ, decreases owing to demand and deterioration. Hence, the change of inventory level can be represented by the following differential equation:
with the boundary condition I 2 ðT j Þ ¼ 0. 
Substituting Eq. (5) into Eq. (2), we obtain
The total profit per unit time consists of the following six elements: 
Therefore, cost of carrying inventory per unit time is given by
(e) Capital opportunity cost (denoted by IC) Based on the values of M j and T j , there are two possible situations as follows: (i) M j 6 T j , and (ii) M j P T j .
(i) M j 6 T j When the permissible delay M j is shorter than or equal to the replenishment cycle T j , payment for goods is settled and the retailer starts paying the capital opportunity cost for the items in stock with rate I c . Thus, the opportunity cost per unit time is
(ii) M j P T j When the permissible delay M j is longer than or equal to the replenishment cycle T j , there is no opportunity cost, hence, IC = 0. (f) Interest earned from sales revenue (denoted by IE)
Therefore, for a given delay in payment time M j , according to (i) M j 6 t d and (ii) M j P t d , we can obtain the total profit per unit time as follows:
where
and
It is obvious that Z 11j ðM j ; pÞ ¼ Z 12j ðM j ; pÞ and Z 12j ðt d ; pÞ ¼ Z 13j ðt d ; pÞ. Hence, for fixed p; Z 1j ðT j ; pÞ is a continuous function on
It is obvious that Z 21j ðt d ; pÞ ¼ Z 22j ðt d ; pÞ and Z 22j ðM j ; pÞ ¼ Z 23j ðM j ; pÞ. Hence, for fixed p; Z 2j ðT j ; pÞ is a continuous function on T j > 0.
3.1. Determination of the optimal replenishment time T j for any given price p For low deterioration rate (i.e., h ( 1), we can assume
Hence, Eqs. (13c), (14b) and (14c) can be rewritten as follows:
respectively. Note that the purpose of this approximation is to find the unique closed-form solution for the optimal value of T j . This approximation retains the properties of the continuity.
Case 1:
For fixed p and M j , let T Ã 1kj ðpÞ denote the optimal value of T j which maximizes Z 1kj ðT j ; pÞ; k = 1, 2, 3. Sub-case 1-1. T j 6 M j 6 t d . By taking the first and second order derivatives of Z 11j ðT j ; pÞ in Eq. (13a) with respect to T j 2 ð0; M j Þ, we obtain
Hence, Z 11j ðT j ; pÞ is a concave function of T j 2 ð0; M j , the value of T j (denoted by T 11j ðpÞÞ which maximizes Z 11j ðT j ; pÞ can be obtained by solving @Z 11j ðT j ; pÞ=@T j = 0 and is given as
To ensure the inequality T 11j ðpÞ 6 M j holds, we substitute T 11j ðpÞ in Eq. (22) into this inequality, and obtain
On the other hand, if 2A > DM 2 j ðh þ pI e Þ, then we have
Thus, Z 11 ðT j ; pÞ is a strictly increasing function of T j 2 ð0; M j , which implies Z 11j ðT j ; pÞ has a maximum value at the boundary point
Then, from the above results, we obtain the following lemma.
Lemma 1. For any given p and M j , the optimal value of T j which maximizes Z 11j ðT j ; pÞ is given by
Similarly, by taking the first and second order derivatives of Z 12j ðT j ; pÞ in Eq. (13b) with respect to T j 2 ðM j ; t d Þ, we obtain
By solving @Z 12j ðT j ; pÞ=@T j = 0, we obtain the value of T j (denoted by T 12j ðpÞÞ as
To ensure M j 6 T 12j ðpÞ 6 t d , substituting Eq. (27) into this inequality, we get
where D 1j is defined as in Eq. (24), and 
Thus, Z 12j ðT j ; pÞ is a strictly decreasing function of T j 2 ½M j ; t d , which implies Z 12j ðT j ; pÞ has a maximum value at the boundary point
Thus, Z 12j ðT j ; pÞ is a strictly increasing function of T j 2 ½M j ; t d , which implies Z 12j ðT j ; pÞ has a maximum value at the boundary point T j ¼ t d . Then, from the above results and the fact that D 2j > D 1j , we obtain the following lemma.
Lemma 2. For any given p and M j , the optimal value of T j which maximizes Z 12j ðT j ; pÞ is given by
Likewise, by taking the first and second order derivatives of Z 13j ðT j ; pÞ in Eq. (17) with respect to T j 2 ðt d ; 1Þ, we obtain
and @ 2 Z 13j ðT j ; pÞ
By solving @Z 13j ðT j ; pÞ=@T j = 0, we obtain the value of T j (denoted by T 13j ðpÞÞ as
To ensure T 13j ðpÞ P t d , substituting Eq. (35) into this inequality, we get
where D 2j is defined as in Eq. (29) . Note that when 2A P D 2j , then we have
which implies T 13j ðpÞ in Eq. (35) 
Thus, Z 13j ðT j ; pÞ is a strictly decreasing function of T j 2 ½t d ; 1Þ, which implies Z 13j ðT j ; pÞ has a maximum value at the boundary point T j ¼ t d . Then, from the above results, we obtain the following lemma.
Lemma 3. For any given p and M j , the optimal value of T j which maximizes Z 13j ðT j ; pÞ is given by 
and d 1j is defined as above.
For fixed p and M j , let T Ã 2kj ðpÞ denote the optimal value of T j which maximizes Z 2kj ðT j ; pÞ, for k = 1, 2 and 3. By using the similar approach as in case 1, let D 3j ¼ Dt Lemma 5. For any given p and M j , the optimal value of T j which maximizes Z 21j ðT j ; pÞ is given by
Lemma 6. For any given p and M j , the optimal value of T j which maximizes Z 22j ðT j ; pÞ is given by
where T 22j ðpÞ ¼
Lemma 7. For any given p and M j , the optimal value of T j which maximizes Z 23j ðT j ; pÞ is given by
Combining Lemmas 5-7, we obtain the optimal replenishment cycle length (denoted by T 
Now, for any given p; M j and the optimal replenishment cycle T Ã ij ðpÞ; i = 1, 2 and j = 1,2,. . ., K, we can obtain the corresponding order quantity
Therefore, from Lemmas 4 and 8, assumption 2 and Eq. (43), we obtain the following result. The proof is trivial, hence, we omit it here. 
Next, we will establish the corresponding total profit per unit time for the following two scenarios: (A) T 
Determination of the optimal price p
Now, for any given M j ; j = 1,2,. . ., K, we want to find the optimal price p which maximize Z ij ðpÞ; i = 1, 2, respectively.
Theorem 1 indicates that when the optimal replenishment cycle exists, then it is T Ã ij ðpÞ; q j =DðpÞ or
The remaining part of this subsection will discuss these three possible situations in detail. Situation 1. The optimal replenishment cycle is T Ã ij ðpÞ. 
Now, we want to find the optimal selling price p which maximizeZ 1j ðpÞ in Eq. (38) . That is, to find the value of p which satisfies both @Z 1j ðpÞ=@p ¼ 0 and @ 2 Z 1j ðpÞ=@p 2 < 0. From Eqs. (38a)-(38c) and Theorem 2, we can obtain the following result. The proof is trivial, hence, we omit it here.
Theorem 3. For any given M j , (a) if there exists a value p 11j which satisfies @Z 11j ðT 11j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 11j ðT 11j ðpÞ; pÞ=@p 2 < 0 and p 11j 6p 1j , then p 11j is the optimal selling price and the corresponding optimal total profit per unit time is Z 11j ðT 11j ðp 11j Þ; p 11j Þ. (b) if there exists a value p 12j which satisfies @Z 12j ðT 12j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 12j ðT 12j ðpÞ; pÞ=@p 2 < 0 andp 1j 6 p 12j 6p 2j , then p 12j is the optimal selling price and the corresponding optimal total profit per unit time is Z 12j ðT 12j ðp 12j Þ; p 12j Þ. (c) if there exists a value p 13j which satisfies @Z 13j ðT 13j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 13j ðT 13j ðpÞ; pÞ=@p 2 < 0 and p 13j Pp 2j , then p 13j is the optimal selling price and the corresponding optimal total profit per unit time is Z 13j ðT 13j ðp 13j Þ; p 13j Þ.
Because D 4j > D 3j , we can see that f 4j ðpÞ < f 3j ðpÞ, for all p 2 ð0; 1Þ. Further, we can show that f 3j ðpÞ and f 4j ðpÞ are strictly increasing functions of p 2 ð0; 1Þ. Also, lim p!1 f 3j ðpÞ ¼ lim p!1 f 4j ðpÞ = 2A, and lim p!0 þ f 3j ðpÞ ¼ lim p!0 þ f 4j ðpÞ ¼ À1. By the Intermediate Value Theorem, we can find a unique valuep 3j andp 4j such that
respectively. Due to the properties of f 3j ðpÞ and f 4j ðpÞ, we obtain the following lemma.
Lemma 10. T 22j ðpÞ; ifp 3j 6 p 6p 4j ;
T 23j ðpÞ; if p Pp 4j :
Now, we want to find the optimal selling price p which maximizeZ 2j ðpÞ in Eq. (42) . That is, to find the value of p which satisfies both @Z 2j ðpÞ=@p ¼ 0 and @ 2 Z 2j ðpÞ=@p 2 < 0 for concavity. From Eqs. (42a)-(42c)and Theorem 4, we can obtain the following result. The proof is trivial, hence, we omit it here.
Theorem 5. For any given M j , (a) if there exists a value p 21j which satisfies @Z 21j ðT 21j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 21j ðT 21j ðpÞ; pÞ=@p 2 < 0 and p 21j 6p 3j , then p 21j is the optimal selling price and the corresponding optimal total profit per unit time is Z 21j ðT 21j ðp 21j Þ; p 21j Þ. (b) if there exists a value p 22j which satisfies @Z 22j ðT 22j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 22j ðT 22j ðpÞ; pÞ=@p 2 < 0 andp 3j 6 p 22j 6p 4j , then p 22j is the optimal selling price and the corresponding optimal total profit per unit time is Z 22j ðT 22j ðp 22j Þ; p 22j Þ. (c) if there exists a value p 23j which satisfies @Z 23j ðT 23j ðpÞ; pÞ=@p ¼ 0; @ 2 Z 23j ðT 23j ðpÞ; pÞ=@p 2 < 0 and p 23j Pp 4j , then p 23j is the optimal selling price and the corresponding optimal total profit per unit time is Z 23j ðT 23j ðp 23j Þ; p 23j Þ.
Situation 2. The optimal replenishment cycle length is q j =DðpÞði:e., T Ã ij ðpÞ 6 t d Þ. From Eqs. (44)- (47), we obtain the following result.
Theorem 6. For any given M j , (a) if there exists a value p 11j which satisfies @Z 11j ðpÞ=@p ¼ 0; @ 2 Z 11j ðpÞ=@p 2 < 0 and p 11j 6p j , then p 11j is the optimal selling price and the corresponding optimal total profit per unit time is Z 11j ðp 11j Þ. (b) if there exists a value p 12j which satisfies @Z 12j ðpÞ=@p ¼ 0; @ 2 Z 12j ðpÞ=@p 2 < 0 and p 12j 6p j , then p 12j is the optimal selling price and the corresponding optimal total profit per unit time is Z 12j ðp 12j Þ. (c) if there exists a value p 21j which satisfies @Z 21j ðpÞ=@p ¼ 0; @ 2 Z 21j ðpÞ=@p 2 < 0 and p 21j 6p j , then p 21j is the optimal selling price and the corresponding optimal total profit per unit time is Z 21j ðp 21j Þ. (48)- (51), we obtain the following result.
Theorem 7. For any given M j , (a) if there exists a value p 13j which satisfies @Z 13j ðpÞ=@p ¼ 0; @ 2 Z 13j ðpÞ=@p 2 < 0 and p 13j Pp j , then p 13j is the optimal selling price and the corresponding optimal total profit per unit time is Z 13j ðp 13j Þ. (b) if there exists a value p 22j which satisfies @Z 22j ðpÞ=@p ¼ 0; @ 2 Z 22j ðpÞ=@p 2 < 0 and p 22j Pp j , then p 22j is the optimal selling price and the corresponding optimal total profit per unit time is Z 22j ðp 22j Þ. (c) if there exists a value p 23j which satisfies @Z 23j ðpÞ=@p ¼ 0; @ 2 Z 23j ðpÞ=@p 2 < 0 and p 23j Pp j , then p 23j is the optimal selling price and the corresponding optimal total profit per unit time is Z 23j ðp 23j Þ.
Summarizing the above arguments and Theorems 1, 3 and 5, we establish the following algorithm to find the optimal solution (T Ã ; p Ã Þ
Algorithm
For given t d and 0
, then for j = 1,2,. . ., K, findp 1j andp 2j from Eqs. (54) and (55), respectively. Go to Algorithm 1.
(b) if M 1 P t d , then for j = 1,2,. . ., K, findp 3j andp 4j from Eqs. (58) and (59), respectively. Go to Algorithm 2. (c) if there exists an integer n 2 f1; 2; . . . ; Kg such that 0 6
. ., n, findp 1j andp 2j from Eqs. (54) and (55), respectively; (ii) for j ¼ n + 1, n + 2,. . ., K, findp 3j andp 4j from Eqs. (58) and (59), respectively.
Go to Algorithm 3.
Algorithm 1.
Step Step 2.
(a) (i) If q j 6 Q 11j < q jþ1 , then T 11j ðp 11j Þ is a feasible solution, using Eq. (38a) to get Z 11j ðT j ; pÞ ¼ Z 11j ðT 11j ðp 11j Þ; p 11j Þ.
(ii) IfQ 11j P q jþ1 , then T 11j ðp 11j Þ is not a feasible solution, set Z 11j ðT j ; pÞ = 0.
(iii) IfQ 11j < q j , then findp j from Eq. (44) .
If there exists a p 11j such that p 11j <p j and p 11j satisfies both@Z 11j ðpÞ=@p ¼ 0, and (ii) IfQ 13j P q jþ1 , then T 13j ðp 13j Þ is not a feasible solution, set Z 13j ðT j ; pÞ = 0. (iii) IfQ 13j < q j , then findp j from Eq. (44) .
If there exists a p 13j such that p 13j <p j and p 13j satisfies both @Z 13j ðpÞ=@p ¼ 0, and Tables 4,5 . Table 4 shows that a higher value of the deterioration rate h results in a higher value for the optimal selling price p Ã but lower values for the optimal length of replenishment cycle T Ã , the optimal order quantity Q Ã , the annual demand rate Dðp Ã Þ and the annual total profit, ZðT Ã ; p Ã Þ. This implies that the retailers will reduce their order quantity to avoid the items deteriorating when the deterioration rate h increases. Moreover, the computational results in Table 5 demonstrate that a higher value of the capital opportunity cost in stock per dollar per year I c results in a higher value for the optimal selling price p Ã but lower values for the optimal length of replenishment cycle T Ã , the optimal order quantity Q Ã , the annual demand rate Dðp Ã Þ and the annual total profit, ZðT Ã ; p Ã Þ. Consequently, a higher value of I c implies a lower value of the total profit. A simple management interpretation is that the retailers should reduce their order quantity and take advantage of the permissible delay more frequently. 
Conclusion
A few authors discuss the fact that there is a time span during which items maintain their quality or original condition. To reflect the real-life situation, it is therefore important to consider non-instantaneously deteriorating items in the inventory system. In addition, use of a trade credit is a common payment feature in B2B and B2C transactions. In this paper, we develop an appropriate inventory model for non-instantaneously deteriorating items in circumstances where the supplier provides the retailer various trade credits linked to order quantity. Some mathematical results and algorithms are established to identify the optimal pricing and ordering policies for maximizing the retailer's total profit. Furthermore, we provide numerical examples and conduct a sensitivity analysis to illustrate the proposed model. The results of the sensitivity analysis show that the retailer needs to increase the order quantity and selling price if the ordering cost is higher. However, retailers tend to reduce not only the replenishment cycle time to avoid higher holding costs but also the order quantities to avoid the deterioration of items. A higher value of the capital opportunity cost in stock implies a lower value of the total profit. Research on this problem can be extended in several ways. For instance, it could be of interest to relax the restriction on the constant deterioration rate. In addition, we may generalize the model to allow for shortages, quantity discounts, and other factors.
